Abstract. By using a variant Property (Pq) of Catlin, we discuss the relation of small set of weakly pseudoconvex points on the boundary of pseudoconvex domain and compactness of the ∂-Neumann operator. In particular, we show that if the Hausdorff (2n−2)-dimensional measure of the weakly pseudoconvex points on the boundary of a smooth bounded pseudoconvex domain is zero, then the ∂-Neumann operator N n−1 is compact on (0, n−1)-level L 2 -integrable forms.
Introduction
On a bounded pseudoconvex domain Ω in C n , an important question in the ∂-Neumann problem is to study whether there exists a bounded inverse of the complex Laplacian q = ∂ q−1 ∂ * q−1 + ∂ * q ∂ q on the L 2 -integrable (0, q)-type forms of the domain Ω (1 ≤ q ≤ n) and discuss the regularity property of the inverse if it exists. To be precise, given a L 2 -integrable (0, q) form v on Ω, the ∂-Neumann problem is to find u ∈ dom( q ) such that q u = v and further study regularity property of the solution operator on L 2 -integrable forms. We call the (bounded) inverse of q as the ∂-Neumann operator and denote it as N q . For classical results about the regularity properties of N q , one may check [5] , [6] , [11] , [16] and [17] .
In this paper, we focus on the study of compactness of the ∂-Neumann operator on specific level forms. In this regard, Kohn and Nirenberg ([12] ) proved that compactness of N q implies the global regularity of N q on smooth bounded pseudoconvex domains, here the global regularity means that N q maps the space of forms with components smooth up to the boundary of Ω to itself. It is well known that compactness of N q is equivalent to a quantified estimate on L 2 -integrable forms (see section 2), hence analysis on compactness of N q is more robust and has its own interest. For useful applications of such analysis results, one can check [4] , [7] , [8] , [9] , [14] , [18] and references there.
Within the viewpoint of potential analysis theory, there are numerous sufficient conditions for compactness of N q on a smooth bounded pseudoconvex domain. For instance, Property (P q ) in Catlin's work ( [3] ) and Property ( P q ) in McNeal's work ( [13] ) are well known so far. In [20] , the author introduced several variant conditions of Property (P q ) and Property ( P q ), which also imply compactness of N q on high level L 2 -integrable forms on a smooth bounded pseudoconvex domain. These variant conditions are obtained by proving a unified estimate of the twisted Kohn-Morrey-Hörmander estimate (see in [13] or section 2.6 in [16] ) and the qpseudoconvex Ahn-Zampieri estimate (see section 1.9 in [17] or [1] ) on a smooth bounded domain.
In this article, we focus on applying the conditions in [20] on (0, n − 1) forms and we discuss the relation of small set of infinite-type points on the boundary of pseudoconvex domain and compactness of the ∂-Neumann operator N n−1 .
This subject is motivated by the results of Sibony ([15] ) and Boas ([2]) on general pseudoconvex domains: let q = 1 and assume that the set K of the weakly pseudoconvex points on the boundary bΩ has Hausdorff 2-dimensional measure zero in
) has an explicit construction of the function λ involved in the proof. Due to the lack of biholomorphic invariance on Property (P q ) when q > 1, the approach can not be generalized to the case q > 1 and hence N q is not known to be compact in the q > 1 case.
By applying the variant Property (P q ) when q = n − 1 in [20] , we prove the following theorem which generalizes above result of Sibony and Boas to the case of q = n − 1:
Let Ω be a smooth bounded pseudoconvex domain in C n . If the Hausdorff (2n − 2)-dimensional measure of weakly pseudoconvex points of bΩ is zero, then the ∂-Neumann operator N n−1 is compact on L 2 (0,n−1) (Ω) forms. Our result on the (0, n − 1)-forms is interesting, since under this case, the variant of Property (P n−1 ) we used in proof only involves with the diagonal entries in the complex Hessian, rather than the sum of eigenvalues in the complex Hessian. This fact, in turn, explains why Property (P q ) of Catlin or Property ( P q ) of McNeal is not convenient to apply in the proof of above result.
The paper is organized as follows: in section 2, we list some facts and background materials about the ∂-Neumann problem and related potential analysis results; in section 3, we prove the main result and mention one example. Acknowledgment. The author wishes to thank Emil Straube and Harold Boas for introducing this problem.
Preliminaries
} be the domain of ∂ and ∂ * respectively. The weighted ∂-complex is defined similarly in the weighted L 2 -integrable forms. We denote the resulting adjoint by ∂ * ϕ and its domain is dom(∂ * ϕ ). It is well known that dom(∂ *
Given a boundary point P of Ω, we choose vector fields L 1 , · · · , L n−1 of type (1, 0) which are orthonormal and span T C z (bΩ ǫ ) for z near P , where Ω ǫ = {z ∈ Ω|ρ(z) < −ǫ}. L n is defined to be the complex normal which can be normalized to be 1 on the boundary. We use above vector fields to induce a special boundary chart such that {ω j } n j=1 is the dual basis of
u JωJ in the special boundary chart, we have:
The dots in above two equations are the terms that only involve with the coefficients of u and the differentiation of the coefficients of L j orω K .
We define the complex Laplacian as q u := ∂ * ∂u + ∂∂ * u on L We can characterize the compactness of N q by the following well known fact (see [13] or [16] , Proposition 4.2): Proposition 2.1. Let Ω be a bounded pseudoconvex domain in C n , 1 ≤ q ≤ n. Then the following are equivalent:
(i) N q is compact as an operator on L 2 (0,q) (Ω). (ii) For every ǫ > 0, there exists a constant C ǫ such that we have the compactness estimate:
showed that if Ω be a smooth bounded pseudoconvex domain and bΩ satisfies Property (P q ), then N q is compact on L 2 (0,q) (Ω). McNeal ( [13] ) showed that Property (P q ) can be weakened to Property ( P q ) on individual function level, and still implies compactness of N q . We list the definition of Property (P q ) here for use in section 3: Definition 2.2. A compact set K ⊂ C n has Property (P q ) (1 ≤ q ≤ n) if for any M > 0, there exists an open neighborhood U of K and a C 2 smooth function λ on U such that 0 ≤ λ ≤ 1 on U and ∀z ∈ U , the sum of any q eigenvalues of the complex Hessian
In [20] , the author introduced several variant conditions of Property (P q ) and Property ( P q ) which still imply compactness of N q on smooth bounded pseudoconvex domains. We list the definition of a variant of Property (P n−1 ) in [20] , which will be used in this article. 
Here, as in Definition 2.1, λ tt = L tLt λ + ic i ttLi λ is the diagonal entry in the Hessian matrix (λ jk ). We have the following result in [20] :
We also need the following result due to Sibony ([15] ):
The original result is formulated for n = 1 case. But the sum of any n eigenvalues of the complex Hessian of λ in C n is equal to the real Laplacian of λ in R 2n , and most of the classical potential results which were used in the proof of this result can also be formulated in R 2n , hence the result can be generalized to n > 1 case trivially.
Proof of main theorem
Proof of Theorem 1.1. Let {ξ j } n−1 j=1 be the orthonormal coordinates which span the complex tangent space Z in the special boundary chart at a boundary point P . Let V be a neighborhood of the boundary point P , and K be the weakly pseudoconvex points on the boundary bΩ. Let π Z : C n → C n−1 be the projection map from C n onto the complex tangent space Z at P . The set π Z (K ∩ V ) has Hausdorff-(2n − 2) dimensional measure zero in a copy of C n−1 , since any continuous map preserves Hausdorff measure zero set. Since Hausdorff-(2n − 2) dimensional measure is equivalent to Lebesgue measure in C n (modulo a constant), by Proposition 2.3, the set π Z (K ∩ V ) has Property (P n−1 ) of Catlin. That is, for any M > 0, there exists a neighborhood in
Here the Laplacian is taken with respect to the coordinates (ξ 1 , · · · , ξ n−1 ) in C n−1 . Define λ M jk which is same in Definition 2.1, therefore ∆λ
by using the invariance of real Laplacian under orthonormal coordinates change.
On the neighborhood V , define the trivial extension function η 
by the previous paragraph, we can apply Property (P # n−1 ) together with partition of unity to prove the compactness estimate locally on V . The cut-off functions in the partition should produce extra partial derivatives by hitting ∂ and ∂, but those derivatives can be handled in the same way as the proof of Theorem 2.2, hence the desired compactness estimate (see (ii) in Proposition 2.1) will not be affected. Also for the strongly pseudoconvex points on V , they are naturally of D'Angelo's finite type and hence compactness estimate holds there (see [3] , [5] or [16] ). Since compactness of the ∂-Neumann operator is a local property, the conclusion follows.
Remark 3.1. For the case of Hausdorff 2-dimensional measure and compactness of N 1 , as we pointed out in the introduction section, the essential argument in Sibony and Boas's work ( [2] and [15] ) is to show that the infinite-type points on the boundary satisfy Property (P 1 ). In such argument, the idea is to project the set K of infinite-type points to each z j -plane and the resulting set satisfies Property (P 1 ) on each complex 1-dimensional plane, hence summing all involved functions in the definition of Property (P 1 ) will give the desired conclusion. Now in our case of Theorem 1.1, such summation of functions does not work since eigenvalues from each respective complex Hessian interfere the summation of eigenvalues in the whole complex Hessian. Therefore, verifying Property (P q ) or Property ( P q ) under such case appears not to work. A detailed explanation of such phenomenon under potential analysis background can also be found in the author's recent work (see remarks after Corollary 3.2 in [19] ).
Our result in Theorem 1.1 shows that small set of weakly pseudoconvex points (or infinite-type points) on the boundary in the sense of Hausdorff-(2n− 2) dimensional measure is benign in the compactness of N n−1 . When 1 < q < n−1, whether similar conclusion holds in the sense of Hausdorff-2q dimensional measure is not known yet. In such case, a certain arrangement on projections onto each q-dimensional subspace needs to be found.
For an example when Theorem 1.1 holds, we give one example from [19] and refer the reader to there for details of calculation. Assume that ϕ, ψ ∈ C ∞ (D(0, 1)) and subharmonic on D(0, 1) in the respective complex plane. Assume further that the boundary points (z 1 , z 2 , z 3 ) are strictly pseudoconvex when (z 1 , z 2 ) is close to b (D(0, 1) × D(0, 1)) . If the Hausdorff 4-dimensional measure of the weakly pseudoconvex points of bΩ is zero, then the ∂-Neumann operator N 2 is compact.
